Cognitive experiments show that humans can read graph drawings in which all edge crossings are at right angles equally well as they can read planar drawings; they also show that the readability of a drawing is heavily affected by the number of bends along the edges. A graph visualization whose edges can only cross perpendicularly is called a RAC (Right Angle Crossing) drawing. This paper initiates the study of combinatorial and algorithmic questions related with the problem of computing RAC drawings with few bends per edge. Namely, we study the interplay between number of bends per edge and total number of edges in RAC drawings. We establish upper and lower bounds on these quantities by considering two classical graph drawing scenarios: The one where the algorithm can choose the combinatorial embedding of the input graph and the one where this embedding is fixed.
Introduction
The problem of making good drawings of relational data sets is fundamental in several application areas. To enhance human understanding the drawing must be readable, that is it must easily convey the structure of the data and of their relationships (see, for example, [4, 9, 10] ).
A tangled rat's nest of a diagram can be confusing rather than helpful. Intuitively, one may measure the "tangledness" of a graph layout by the number of its edge crossings and by the number of its bends along the edges. This intuition has some scientific validity: experiments by Purchase et al. have shown that performance of humans in path tracing tasks is negatively correlated to the number of edge crossings and to the number of bends in the drawing [16, 17, 21] .
This negative correlation has motivated intense research about how to draw a graph with few edge crossings and small curve complexity (i.e., maximum number of bends along an edge). As a notable example we recall the many fundamental combinatorial and algorithmic results about planar or quasi-planar straight-line drawings of graphs (see, for example, [11, 12] ). However, in many practical cases the relational data sets do not induce planar or quasi-planar graphs and a high number of edge crossings is basically not avoidable, especially when a particular drawing convention is adopted. How to handle these crossings in the drawing remains unanswered.
Recent cognitive experiments of network visualization provide new insights in the classical correlation between edge crossings and human understanding of a network visualization. Huang et al. show that the edge crossings do not inhibit human task performance if the edges cross at a large angle [6, 7, 8] . In fact, professional graphic artists commonly use large crossing angles in network drawings. For example, crossings in hand drawn metro maps and circuit schematics are conventionally at 90
• (see, for example, [20] ).
This paper initiates the study of combinatorial and algorithmic questions related with the problem of computing drawings of graphs where the edges cross at 90
• . Graph visualizations of this type are called RAC (Right Angle Crossing) drawings. We study the interplay between the curve complexity and total number of edges in RAC drawings and establish upper and lower bounds on these quantities. It is immediate to see that every graph has a RAC drawing where the edges are represented as simple Jordan curves that are "locally adjusted" around the crossings so that they are orthogonal at their intersection points. However, not every graph has a RAC drawing if small curve complexity is required.
We consider two classical graph drawing scenarios: In the variable embedding setting the drawing algorithm takes in input a graph G and attempts to compute a RAC drawing of G; the algorithm can choose both the circular ordering of the edges around the vertices and the sequence of crossings along each edge. In the fixed embedding setting the input graph G is given along with a fixed ordering of the edges around its vertices and a fixed ordering of the crossings along each edge; the algorithm must compute a RAC drawing of G that preserves these fixed orderings. An outline of our results is as follows.
-We study the combinatorial properties of straight-line RAC drawings in the variable embedding setting (Section 3). We give a tight upper bound on the number of edges of straight-line RAC drawings. Namely, we prove that straight-line RAC drawings with n vertices can have at most 4n − 10 edges and that there exist drawings with these many edges. It might be worth recalling that straight-line RAC drawings are a subset of the quasi-planar drawings, for which the problem of finding a tight upper bound on the edge density is still open (see, for example, [1, 2, 14] ). -Motivated by the previous result, we study how the edge density of RAC drawable graphs varies with the curve complexity (Section 4). We show how to compute a RAC drawing whose curve complexity is three for any graph in the variable embedding setting. We also show that this bound on the curve complexity is tight by proving that curve complexity one implies O(n 4 3 ) edges and that curve complexity two implies O(n 7 4 ) edges.
-As a contrast, we show that in the fixed embedding setting the curve complexity of a RAC drawing may no longer be constant (Section 5). Namely, we establish an Ω(n 2 ) lower bound on the curve complexity in this scenario. We also show that if any two edges cross at most k times, it is always possible to compute a RAC drawing with O(kn 2 ) curve complexity. This last result implies that the lower bound is tight under the assumption that the number of crossings between any two edges is bounded by a constant.
For reasons of space some proofs are sketched or omitted.
Preliminaries
We assume familiarity with basic definitions of graph drawing [4] . Let G be any nonplanar graph. The crossing number of G is the minimum number of edge crossings in a plane drawing of G, and it is denoted by cr(G). The following bound on cr(G) for any graph G with n vertices and m edges has been proved by Pach et al. [13] .
A Right Angle Crossing drawing (or RAC drawing for short) of G is a poly-line drawing D of G such that any two crossing segments are orthogonal. Throughout the paper we study RAC drawings such that no edge is self-intersecting and any two edges cross a finite number of times. We also assume that all graphs are simple, that is, they contain neither multiple edges nor self-loops.
The curve complexity of D is the maximum number of bends along an edge of D. A straight-line RAC drawing has curve complexity zero.
Straight-Line Right Angle Crossing Drawings
A quasi-planar drawing of a graph G is a drawing of G where no three edges are pairwise crossing [2] . If G admits a quasi-planar drawing it is called a quasi-planar graph. Quasi-planar graphs are sometimes called 3-quasi-planar graphs in the literature. Proof. In a straight-line RAC drawing there cannot be any three mutually crossing edges because if two edges cross a third one, these two edges are parallel. Hence a straight-line RAC drawing is a quasi-planar drawing. The subset is proper because in a quasi-planar drawing edge crossings may not form right angles.
Quasi-planar drawings have been the subject of intense studies devoted to finding an upper bound on their number of edges as a function of their number of vertices (extremal problems of this type are generically called Turán-type problems in combinatorics and in discrete and computational geometry [12] ). Agarwal et al. prove that quasi-planar drawings have O(n) edges where n denotes the number of the vertices [2] . This result is refined by Pach, Radoicic, and Tóth, who prove that the number of edges of a quasiplanar drawing is at most 65n [14] . This upper bound is further refined by Ackerman and Tardos, who prove that straight-line quasi-planar drawings have at most 6.5n − 20 edges [1] . We are not aware of any tight upper bound on the number of edges of quasiplanar drawings.
The main result of this section is a tight upper bound on the number of edges of straight-line RAC drawings with a given number of vertices.
Let G be a graph and let D be a straight-line RAC drawing of G; the crossing graph The following lemma is an immediate consequence of the fact that if two edges of a straight-line RAC drawing cross a third edge, then these two edges are parallel.
Lemma 3. The crossing graph of a straight-line RAC drawing is bipartite.
Let E be the set of the edges of a straight-line RAC drawing D. Based on Lemma 3 we can partition E into two subsets E 1 and E 2 , such that no two edges in the same set cross. We refine this bipartition by dividing E into three subsets as follows: (i) a red edge set E r , whose elements have no crossings; a red edge corresponds to an isolated vertex of Since only blue and green edges can cross each other in D, it follows that both the red-blue and the red-green are planar embedded graphs. Therefore, each of them has a number of edges that is less than or equal to 3n − 6, and so a straight-line RAC drawing has at most 6n − 12 edges. However, to get a tight upper bound 4n − 10 we need to count more precisely.
Let G be a graph that has a straight-line RAC drawing. We say that G is RAC maximal if any graph obtained from G by adding an extra edge does not admit a straight-line RAC drawing. The proof of the next lemma is omitted for reasons of space. 
Lemma 4. Let G be a RAC maximal graph, let D be any straight-line RAC drawing of G, and let D rb and D rg be the red-blue and red-green graphs induced by D, respectively. Every internal face of D
Denote by f rb the number of faces in D rb , and let ω be the number of edges of the external face of D rb . From Lemma 4 we have that D rb has f rb − 1 faces with at least two red edges and one face (the external one) with ω red edges. Also, since every edge occurs on exactly two faces, we have
Graph D rb is not necessarily connected, but Euler's formula guarantees that
Substituting the inequality (1) into (2) we deduce that Since D rg has the same external face as D rb we have
Also, from m = m r + m g + m b , we can sum the Inequalities (3) and (4) to obtain
Observe that if ω ≥ 4 then Inequality (5) implies m ≤ 4n − 10. Thus we need only consider the case when the external face is a triangle, that is, ω = 3.
Suppose that ω = 3; consider the (at least one and at most three) faces that share an edge with the outside face, as in Fig. 1(a) . We call these faces the fence faces of D. Notice that, since we are assuming that n > 3 then there is at least one internal vertex. Also, since the graph is RAC maximal, then it is not possible that every internal vertex is an isolated vertex. Hence every fence face has at least one internal edge.
Suppose that one of the fence faces has more than three edges. In this case, D rb is a planar graph in which at least one face has at least four edges; this implies that
Since we have assumed that m g ≤ m b , Inequality (6) implies that
Summing Inequalities (3) with ω = 3 and (7) yields
since m is an integer the result follows. The final case to consider is where all the fence faces are triangles. In this case there are exactly three fence faces. We show that all the edges of at least two of these faces are red. Suppose that a fence face has one blue edge. This implies that this edge must be crossed by a green edge (u, v). Note that two edges incident on a common vertex cannot be crossed by a third edge or else the perpendicularity of the crossings would be violated. From this fact and since the external face is red, it follows that (u, v) cannot cross another edge of the fence face. Therefore (u, v) must be incident to one vertex of the external face, as in Fig. 1(b) .
• , and so the interior angle α of the triangle that it crosses is less than 90
• . However, the sum of the interior angles of the three fence faces is at least 360
• . Thus at most one of the three triangles can have an interior angle less than 90
• , and so at least two of the fence faces cannot have an edge crossing. Thus at least two of the fence faces have three red edges. Also, the outside face has three red edges, and so the drawing has at least three faces in which all three edges are red. It follows that the number of red edges is bounded from below:
Substituting (9) into (2), we deduce that m b ≤ n − 7/2, and thus m ≤ 4n − 19/2. Since m is integer, the first part of the theorem follows.
We now prove that for each even integer k ≥ 3, there exists a RAC maximal graph G k with n = 3k − 5 vertices and 4n − 10 edges. Graph G k is constructed as follows (refer to Fig. 1(c) for an illustration where k = 4). Start from an embedded maximal planar graph with k vertices and add to this graph its dual planar graph without the face-node corresponding to the external face (in Fig. 1(c) the primal graph has white vertices and the dual graph has black vertices). Also, for each face-node u, add to G k three edges that connect u to the three vertices of the face associated with u.
A result by Brightwell and Scheinermann about representations of planar graphs and of their duals guarantees that G k admits a straight-line RAC drawing [3] . More precisely, Brightwell and Scheinermann show that every 3-connected planar graph G can be represented as a collection of circles, a circle for each vertex and a circle for each face. For each edge e of G, the four circles representing the two end-points of e and the two faces sharing e meet at a point, and the vertex-circles cross the face-circles at right angles. This implies that the union of G and its dual (without the face-node corresponding to the external face) has a straight-line drawing such that the primal edges cross the dual edges at right angles.
Since the number of face-nodes is 2k − 5, then G k has n = 3k − 5 vertices. The number of edges of G k is given by m = (3k − 6) + 3(2k − 5) + 3k − 9, and hence m = 12k − 30 = 4n − 10.
Poly-Line Right Angle Crossing Drawings
Motivated by Theorem 1, in the attempt of computing RAC drawings of dense graphs we relax the constraint that the edges be drawn as straight-line segments. In this section we study how the edge density of RAC drawable graphs varies with the curve complexity in the variable embedding setting.
Lemma 5. Every graph has a RAC drawing with at most three bends per edge.
Sketch of Proof: Papakostas and Tollis describe an algorithm to compute an orthogonal drawing H of G with at most one bend per edge and such that each vertex is represented as a box [15] . Of course, in an orthogonal drawing any two crossing segments are perpendicular. To get a RAC drawing D from H it is sufficient to replace each vertex-box with a point placed in its center and to use at most two extra bends per edge to connect the centers to the boundaries of the boxes. Proof. Each crossing between an end-segment incident to u and an edge segment incident to v in D occurs on the circle whose diameter is the line segment uv. If there are more than two such points, then at least two crossings occur in a half circle (either from a side of uv or on the other side of uv). It follows that two line segments meet at an angle of more than 90
• , and the drawing is not a RAC drawing.
Lemma 7. Let D be a RAC drawing of a graph G with n vertices. Then the number of crossings between all end-segments is at most n(n − 1).
Proof. It follows from Lemma 6 by considering that the number of distinct pairs of vertices is n(n − 1)/2.
Lemma 8. Let D be a RAC drawing and let s be any edge segment of D. The number of end-segments crossed by s is at most n.
Proof. If s crosses more than n end-segments in D, then there are two of these segments incident to the same vertex, which is impossible in a RAC drawing.
The previous lemmas are the ingredients to show that not all graphs admit a RAC drawing with curve complexity two. Proof. Let D be a RAC drawing with at most two bends per edge. We prove that the number m of edges of D is m ≤ 36n , we can replace m on the right hand side of Equation (10) 
Lemma 9. A RAC drawing with n vertices and curve complexity two has O(n
Since n < n, and since, from Inequality (11), m > n − 1, we have that 2m n ≥ n (n − 1) + m n . From Inequality (12) , it must also hold 2m n ≥
From Inequalities (11) and (13) we have n ≥ 2.27n − 0.045n
, which is however false for any n ≥ 1, a contradiction.
The next lemma completes the analysis of the number of edges in poly-line RAC drawings with curve complexity smaller than three. Proof. Let D be a RAC drawing with at most one bend per edge. D contains endsegments only. Therefore, from Lemma 7, the number of crossings in D is at most n(n− 1). Also, from Lemma 1, the number of crossings in D must be at least The following theorem summarizes the interplay between curve complexity and edge density of RAC drawings in the variable embedding setting. It is implied by Theorem 1, Lemma 5, Lemma 9, and Lemma 10. 
Lemma 10. A RAC drawing with n vertices and curve complexity one has O(n

Fixed Embedding Setting
A classical constraint of many algorithms that draw planar graphs is to preserve a given circular ordering of the edges around the vertices, also called a combinatorial embedding. In this section we consider similar constraints for RAC drawings. In contrast with Theorem 2, we show that fixed combinatorial embedding constraints may lead to RAC drawings of non-constant curve complexity, while quadratic curve-complexity is always sufficient for any graph and any fixed combinatorial embedding.
Let G be a graph and let D be a drawing of G. Since in a RAC drawing no three edges can cross each other at the same point, we shall only consider drawings whose crossings involve exactly two edges. We denote by G the planar embedded graph obtained from D by replacing each edge crossing with a vertex, and we call it a planar enhancement of G. A vertex of G that replaces a crossing is called a cross vertex. Giving a planar enhancement of G corresponds to fixing the number and the ordering of the cross vertices along each edge, the circular clockwise ordering of the edges incident to each vertex (both real and cross vertices), and the external face.
Let G be a graph along with a planar enhancement G and let D be a drawing of G. We say that D preserves the planar enhancement G if the planar enhancement of G obtained from D coincides with G.
The next theorems establish lower and upper bounds for the curve complexity of RAC drawings in the fixed embedding setting. We observe that the arrangement of pseudolines defined in [5, 18] Since drawing D maintains all triangular faces of A(m) and m = Θ(n 2 ), it follows that D (and hence G) has Θ(n 4 ) triangular faces inside C(m). Also, the vertices of each triangular face inside C(m) are cross vertices in G. Therefore, any RAC drawing of G that preserves G has at least one bend for each triangular face inside C(m). Hence any RAC drawing of G preserving G has Ω(n 4 ) bends and curve complexity Ω(n 2 ). 2
The next theorem proves that the lower bound of Theorem 3 is tight for those graphs that can be drawn in the plane such that the number of crossings between any two edges is bounded by a given constant. 
Sketch of Proof:
Let m be the number of edges of G and let n and m be the number of vertices and edges of G, respectively. From the hypothesis that two distinct edges cross at most k times and that an edge cannot cross itself, we have that n ≤ n + k(m − 1)m. Namely, every edge of G is subdivided in G by at most k(m − 1) cross vertices, i.e., it is formed by at most k(m − 1) + 1 = km − k + 1 edges of G.
Assume first that G has vertex degree at most four (which of course implies that also G has vertices of degree at most four). In this case one can compute a planar orthogonal drawing D of G with the technique described by Tamassia and Tollis [19] . This technique first computes a visibility representation of the graph, i.e., a planar drawing in which each vertex is drawn as a horizontal segment and each edge is drawn as a vertical segment between its end-vertices. Then it replaces each horizontal segment of a vertex v with a point p v , and connects p v to the vertical segments representing the incident edges of v, by a local transformation that uses at most two bends per edge around p v (see, e.g., Fig. 2(a) ). Hence an edge can get at most four bends (two for each local transformation around an end-vertex). Therefore, this technique guarantees at most 4 bends per edge. Also, observe that since it is always possible to compute a visibility representation of an embedded planar graph that preserves its planar embedding and since the local transformations do not change this embedding, the technique described above can be applied so that the embedding of G is preserved.
When cross vertices are replaced by cross points, we get from D an orthogonal drawing D of G that preserves G and that has at most 4(km − k + 1) bends per edge. Since m < n 2 2 and since D is a RAC drawing, the theorem follows in this case. If G has vertices of degree greater than four then we can apply a variant of the algorithm of Tamassia and Tollis. Namely, after the computation of a visibility representation of G we apply the same transformations as before around the vertices of degree at most four. For a vertex v of degree greater than four we replace the horizontal segment of v with a point p v , and then locally modify the edges incident to v as shown in Fig. 2(b) , by using at most one bend per edge. The drawing D obtained in this way is not an orthogonal drawing but it still has at most four bends per edge. By replacing 
Conclusion and Open Problems
This paper has studied RAC drawings of graphs, i.e. drawings where edges can cross only at right angles. In fact, many crossings are unavoidable when drawing large graphs and recent perceptual studies have shown that right angle crossings do not have impact on the readability of a diagram. We have focused on the interplay between edge density and curve complexity of RAC drawings and have proved lower and upper bounds for these quantities. There are several open questions that we consider of interest about RAC drawings. Among them we mention the following.
1. By Theorem 1, a graph that has a straight-line RAC drawing has at most 4n − 10 edges. How difficult is it to recognize whether a graph with m ≤ 4n − 10 edges has a straight-line RAC drawing? 2. Find tight upper bounds to the number of edges of RAC drawings with curve complexity one and two. See also Theorem 2. 3. Study the area requirement of RAC drawings. For example, can all planar graphs be drawn in o(n 2 ) area if edges are allowed to cross at right angles?
